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Abstract. In order to analyse the way in which the size of the iterates 
(f n (z)) of a transcendental entire function / can behave, we introduce the 
concept of the annular itinerary of a point z. This is the sequence of non- 
f»j , negative integers SqSi . . . defined by 

(N ! f n (z) e A Sn (R), for n> 0, 

where A (R) = {z : \z\ < R} and 

A n {R) = {z : M n -\R) < \z\ < M n (R)}, n>l. 

Here M(r) is the maximum modulus of / and R > is so large that M{r) > r, 
for r > R. 

^0 . We consider the different types of annular itineraries that can occur for any 

' transcendental entire function / and show that it is always possible to find 

points with various types of prescribed annular itineraries. The proofs use two 
new annuli covering results that are of wider interest. 



o 



1. Introduction 

> 

^ Let / : C — > C be a transcendental entire function and denote by f n , n 

0, 1, 2, ... , the nth iterate of /. The Fatou set F(f) is the set of points z G C such 
that (/ n )„ g N forms a normal family in some neighborhood of z. The complement 
of F(f) is called the Julia set J(f) of /. The escaping set 1(f) of / is defined 
to be 

1(f) = i z '■ f\ z ) oo as n -> oo}, 
and it is known [7j that we always have «/(/) = 91(f). An introduction to the 
^ ; properties of these sets can be found in [2]. 

One technique that has often been used to understand the nature of the above 
sets is 'symbolic dynamics'. After partitioning C in some manner and labelling 
each subset in the partition by a different symbol, we obtain the 'itinerary' of 
a point z G C by writing down the sequence of symbols corresponding to the 
successive subsets of the partition visited by the iterates (f n (z)) of z. 

This technique was used, for example, in |6j to show that, for certain entire 
functions, the sets J(f) and /(/) contain so-called 'Cantor bouquets' of curves, 
by studying those points with common itineraries with respect to certain natural 
partitions. This approach was developed and refined in [16J to prove that for a 
large class of entire functions, including all functions of finite order in the much- 
studied Eremenko-Lyubich class B (see [8]), all points of /(/) can be joined to oo 
by a curve in /(/), a result that is related to a conjecture of Eremenko in [7]. 

Symbolic dynamics was also used in [TT] in order to analyse the dynamical 
properties of the components of the complement of the fast escaping set A(f) 
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for functions / such that the set Ar(/) has the structure of a 'spider's web', in 
particular, to show that in this case there are uncountably many components of 
A(f) c of various types. Here 

A R {f) = {z : \f n (z)\ > M n (R), for fiGN} and A(f) = [j r £ (A R (f)), 

where M(r) = M(r, f) = max| 2 | =r 1/(2) |, r > 0, and R > is any value such 
that M(r) > r for r > R. See [H] for the detailed properties of A(f) and the 
many families of functions for which Ar(/) is a spider's web. Note that this 
spider's web structure cannot occur for functions in the class B so the results in 
[TT] are complementary to those in [6] and [T6] . 

Here we introduce a new type of partition of the plane which is appropriate for 
analysing a key aspect of the dynamical behaviour of any transcendental entire 
function /, namely, the possible ways in which the size of the iterates f n {z), 
n > 0, can vary. We define this partition as follows: Aq(R) = {z : \z\ < R} and 

A* OR) = {z : M n -\R) < \z\ < M n (R)}, n > 1, 

where R > is any value such that M(r) > r for r > R. Then, for any z G C, 
the sequence of non- negative integers s Si . . . defined by 

(1.1) f n (z)EA Sn (R), forn>0, 

will be called the annular itinerary of z, with respect to the partition {A n (R)}. 

Note that for any annular itinerary s s i • • • we have s n+ i < s n + 1 for n G N 
by the maximum principle. Also, if the value R changes to R', then the annular 
itinerary, s Si . . . say, of a point changes to s' s[ . . . where, for some integer p, 

s' n — s n G {p,p+ 1}, for n > 0. 

Our first result enables us to construct points with many different types of 
annular itineraries. 

Theorem 1.1. Let f be a transcendental entire function. There exists R = 
R{f) > and a sequence of closed annuli 

B n = {z :r n < \z\ < r' n }, n>0, 

each of which meets J(f), such that 

(1.2) B n cA n {R), forn>0, 

(1.3) f{B n )DB n+1 , forn>0, 
and there is a subsequence B n . such that, for j G N, 

(1.4) f(B nj ) D B n , for < n < rij, with at most one exception. 

Moreover, if f has a multiply connected Fatou component, then the annuli B n 
can be chosen in such a way that (11.41) holds with no exceptions and the sequence 
(jij) consists of those n>0 such that A n (R) contains a zero of f . 

Remark It is clear that the value R = R(f) in Theorem 11.11 can be chosen to 
be arbitrarily large. 

Theorem ll.il gives the following sufficient condition for a sequence s^Si ... to 
be an annular itinerary. 
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Theorem 1.2. Let f be a transcendental entire function. There exist R = 
R(f) > 0, a sequence nj, j G N, of positive integers with rij — > oo as j — » oo, 
and a sequence of sets Ij, j G N, where Ij C {0, . . . , s nj } has at most one element, 
such that: 

if sqSi . . . is any sequence of non-negative integers with the property that 

(1.5) for n > 0, we have s n+ i = s n + 1 or, in the case when n = rij for some 
j G N, s nj+ i G {0,...,s n J\I,-, 

then there exists £ G J(f) with annular itinerary SqSi . . . with respect to {A n (R)}. 

Moreover, if f has a multiply connected Fatou component, then Ij = 0, for 
j G N, and the sequence (rij) consists of those n>0 such that A n (R) contains a 
zero of f . 

Theorem [L2] is related to results in [11, Theorem 1.2], where it is assumed that 
Aptif) is a spider's web. It implies that for any transcendental entire function 
there exist many types of prescribed annular itineraries, including those in the 
following result. Note that a version of Corollary 11.31 part (d) was proved in [T3"| 
Theorem 1]. 

Corollary 1.3. Let f be a transcendental entire function, let R = R(f) > be 
the value given by Theorem \l.%A and let s G N. Then there exist points with the 
following types of annular itineraries (s n ) with respect to {A n (R)}: 

(a) periodic itineraries of all periods with at most one exception such that 
s n > s for n > 0; 

(b) uncountably many itineraries such that (s n ) is bounded and s n > s for 
n > 0; 

(c) uncountably many itineraries such that (s n ) is unbounded but does not 
tend to oo, and s n > s for n > 0; 

(d) uncountably many itineraries such that s n — > oo as n — > oo more slowly 
than at any given rate. 

By definition a point is in A(f) if and only if its itinerary soSi . . . with respect 
to any {A n (R)} satisfies s n+ i — s n + 1 for sufficiently large n. The existence of 
such points is well known (see j3j or [14]) and also follows from Theorem 11.21 
There are clearly only countably many such itineraries. On the other hand, 
it follows from our final result that for any given rate of escape that is less 
than that of 'fast escape' there exist uncountably many itineraries for which the 
corresponding points escape at least at this given rate and in some sense at no 
faster rate. 

Theorem 1.4. Let f be a transcendental entire function. There exists Ro = 
Ro(f) > with the property that whenever (a n ) is a positive sequence such that 

(1.6) a n > Ro and a n+ \ < M(a n ), for n > 0, 

there exists a point ( G J(f) and a sequence (rij) with rij — > oo as j — > oo such 
that 

(1.7) |/ n (C)| > a n , forn> 0, and \f n i(Q\ < M 2 (a rij ), for j G N. 
If, in addition, 

(1.8) for each £ G N there exists n(£) G N such that a n ^ +i < M n{ - 1) (i? ) , 
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then there are uncountably many itineraries with respect to {A n (Ro)} that corre- 
spond to points ( satisfying ( I1.7P . 

Remarks 1. In Theorem 11.41 we cannot replace (11.7)) by 

(1.9) a n < |/ n (C)| < Ca n) for sufficiently large n, 

where C > 1 is an absolute constant. Indeed, [131 proof of Theorem 2] shows 
that if there exist £ G J(/) and C > 1 such that (11.91) holds whenever (a n ) is a 
positive sequence such that a n — > oo as n — > oo and a n+ i < M(a n ) for n G N, 
then there must exist constants c > 0, d > 1 and r > such that 

(1.10) for all r > ro we have m(s) < c for some s G (r, dr), 
where m(r) denotes the minimum modulus of /: 

(1.11) m(r) = m(r, /) = min |/(z)|, for r > 0. 

|z|=r 

There are many transcendental entire functions that do not satisfy (11.101) . in 
particular those with a multiply connected Fatou component. 

2. In [T5] we use Theorem 11.41 to give a necessary and sufficient condition for 
a certain subset of 1(f) called Q(f), the 'quite fast escaping set', to equal A(f). 
An important special case of the results in [T5] is that Q(f) = A(f) for functions 
in the class E. 



We prove the results above by using a method that has its origins in one 
that we introduced in [T3] in order to construct points that escape arbitrarily 
slowly. This method involves two complementary annuli covering results, which 
are significant generalisations of results in [13J and of independent interest. Both 
results are given in Section [21 

In Section[3]we prove a version of Theorem [TJTJ for a transcendental entire func- 
tion that has a multiply connected Fatou component, and in Section H] we prove 
a version for a transcendental entire function that has no multiply connected 
Fatou components. The proofs in these two cases are significantly different. In 
Section [5] we prove Theorem 11.21 and Corollary 11.31 and in Section [6] we prove 
versions of Theorem II .41 in each of the two cases mentioned above, showing that 
we obtain a much better upper estimate than the one in (I1.7P when there are no 
multiply connected Fatou components. 

2. Annuli covering theorems 

To obtain the sequence of annuli in Theorem II .11 we prove two theorems about 
covering properties of annuli, which are considerably stronger than previous re- 
sults of this nature. Here and later in the paper we use the following basic facts 
about the maximum modulus. 

Lemma 2.1. Let f be a transcendental entire function. Then 

log M(r) 

(a) — : > oo as r — )■ oo; 

logr 

(b) there exists R\ = Ri(f) > such that 

M(r k ) > M(r) k , for r > R u k > 1; 
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M(2r) 

(C) ~M(r7 °° ° S r °°- 

Part (a) is a standard property of a transcendental entire function and part (b) 
is a version of Hadamard convexity (see [121 Lemma 2.1]). Part (c) is well known 
and easily follows from part (b), for example. 

The proof of our first covering theorem uses the contraction property of the 
hyperbolic metric. We denote the density of the hyperbolic metric at a point z in 
a hyperbolic domain G by pc{z) and the hyperbolic distance between z\ and z 2 
in G by Pg(zi, z i\ Also, for w G C and < r < s we write 

B(w,r) = {z : \z — w\ < r}, 

A(r, s) = {z : r < \z\ < s} and A(r, s) = {z : r < \z\ < s}, 
and we recall that the minimum modulus m(r) = m(r, /) was defined in (ll.lOp . 

Theorem 2.2. Let f be a transcendental entire function. Ifr>0 and 

(2.1) there exists s G (2r, 4r) snc/i i/iat m(s) < 1, 
t/ien either 

f(A(r,8r))DB(0,M(r)), 
or there exists Wi G B(0, M(r)) such that 

f(A(r,Sr)) D S(0 ) M(r))\5(w 1 ,£(r)max{|wi|,l}), 

w/iere 

2Ci , w . 1 /M(2r) \ 

£(r) = (^(r))^ ' Wtt A(0 = 2 (MM " V ' 
and Cq, C\ > 1 are absolute constants. 

Note that e(r) — > as r — > 00, by Lemma [2TT1 part (c), so we have the following 
corollary of Theorem 12.21 

Corollary 2.3. Let f be a transcendental entire function. There exists R2 = 
> such that if r > R 2 , (12. ip holds, and S,S',T,T' satisfy 

(2.2) 2 < 5 < S\ T <T' < M(r) and 5' < §T, 

/(A(r,8r)) contos 5') or A(T,T'). 

Proof of Theorem \2.2 . Suppose that (12.11) holds for some r > 0, and s G (2r, 4r) 
satisfies m(s) < 1. Clearly, A(r, 8r) D A(|s, 2s). Then take C and C' such that 
Id = IC'I = s, and 

(2.3) |/(C)| < 1 and |/(0| = M{a) > M(2r). 

There is an absolute constant C > 1 such that Pa{s/2,i s ){Qi CO ^ |l°gCo- 

Now suppose that / omits in A(s/2, 2s) two values W\, w 2 G 5(0, M(r)) such 
that 

(2.4) |iy 2 — Wx\ — flmax{\wi\, 1}, where j3 > 0. 



6 P. J. RIPPON AND G. M. STALLARD 

By Pick's theorem [5j Theorem 4.1], 

(2-5) l - log C > PA{s/2,2s)(CC) 

> Pf(A(s/2,2s))(f(()J(C)) 

> PC\{wi,w 2 } (/(C), /(CO) 

= p c \ m} (L(f(()),L(f (('))), 
where L(w) = (w — w\)/(w2 — wi). Then, by (12. 3p and (12. 4p . 

\L(f(C))\ < 1/(01 + M < 1 + H < I 
1 \ W2 _ Wl \ - /3max{|wi|,l} ~ (3 

and 

\T(ffm\> l/(CQ|-kiU M(2r)-M(r) 1 ( ' M(2r) \ 

Now suppose that A(r) > 2/j3. Then, by (12.51) and 0, Theorem 9.13], 

(2-6) ^logCo > p c \ { o,i}(^(/(C))^(/(C / ))) 

/" A(r) dt 1 log(CiA(r)) 

" 7 2//3 2t(logC 1 t) 2 ° g log(2C 1 //3) ' 

where Ci > 1 is an absolute constant. Thus if 

2d 



(3 > sir) 



(CiA(r))VcV 

then A(r) > 2//3, so we obtain a contradiction to ( 12. 61) . This proves the result. □ 



Our second covering theorem is complementary to Corollary 12.31 since we 
assume here that the modulus of / is greater than 1 throughout most of the 
annulus. Here and subsequently we use the following function in order to simplify 
notation: 

(2.7) 8(r) = - J=. 

ylogr 

Theorem 2.4. Let f be a transcendental entire function, let k > 1 and let r be 
such that r > R\, where R\ is the constant in Lemma l2J\ and also such that 

(2.8) M(r) > r 9 and 5{r) < min{l/(2vr), (k - l)/4}. 
// 

(2.9) m{s) > 1, for s G ( r 1+ *W,r fc -'W), 
then the following properties hold. 

(a) We have 

logm(s) > (1 - 27r5(r))logM(s) > 0, for s G [ r i+M(r) >r fc-!M(r)]_ 

(b) Let i2 = M(r) and define K = K(r) by 

R K _ ^ M ,k-2S(r)\y-2TrS(r) _ 

Then R > r 9 and 

(2.10) /(A(r, r k ~ 25 ^)) D A (R, R K ) and K > k(l — 95{r)). 



ANNULAR ITINERARIES FOR ENTIRE FUNCTIONS 7 

(c) //, in addition, 

(2.11) 8(r) < min{l/(67r), (k - 1)/(6tt + 1)}, 
then 

(2.12) f(A(r 1+6n5( - r \ r fc (!-6^M))) c A r R l+^d(R) ^ R K(l~6nS(R))\ _ 

Proof. The proof of part (a) is based on an application of Harnack's inequality 
to the harmonic function u(t) = log |/(e*)|, which is possible by (12. 9p . Since this 
part of the proof is identical to p3J Lemma 5 part (a)], we omit the details. 

To prove part (b) first note that, by hypothesis, 



(, 13) »a=^>3. 

Evidently 

(2.14) \f(z)\ < M(r) = R, for \z\ = r, 
and, by part (a) and the definition of K, 

(2.15) m ( r fe - 25 M) > M (r*-^) 1 "^ = R K . 
Also, by Lemma [2. II part (b), 

(2.16) J R^ = M(r fc - 25 M) 1 - 2 ^ (r) 

> M( r )( fe - 2<5 M)(l-2^(r)) 

>M(r)* (1_M(r)) 

_ ^fe(l-95(r))_ 

Taken together, (j2H|) . fl2TT5|) and fl2TT6|) imply fl2TT0l) . 

To prove part (c), we note that 67r<5(r) < 1 and l + 6n5(r) G (1+S(r), k — 6(r)), 
by (12. lip . Thus, by part (a), Lemma [2.11 part (b), and (12 . 1 3j) . 

(2.17) m (r 1+6 ^)) > M ( r i+&r'(0) 

> M(r) (1+67r5(r))(1_27r<5(r)) 

> M(r) 1+27r5(r) 

> M(r) 1+67r5(i?) 

^l+67T<5(_R) 

Also, by Lemma O part (b), ([2"TTTj) . (12TTSD . and the facts that k(l - 25(r)) < 
fc - 2S(r) and 6vr5(r) < 1, 

(2.18) M ( r fc ( 1 - 67r5 ( r ))) < M p^^Wlj 1 ^ 

< R l-2n6(r) l-25(r) 

< _^- fS: ( 1 -( 67r - 2 - 27r ) <5 ( r )) 

< ^(1-6tt5(R))_ 

Taken together, the estimates (12.171) and ( 12. 18ft imply ( 12.121) . since / has no zeros 
in the annulus A(r 1+6n5 ( r \ r *(i-6**M)). □ 
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3. Proof of Theorem ll.lt multiply connected Fatou components 

In this section we prove a version of Theorem 11.11 in which it is assumed 
that / has a multiply connected Fatou component. Recall from [TJ Theorem 3.1] 
that if U is a multiply connected Fatou component of a transcendental entire 
function /, then the Fatou components U n = f n (U), n > 0, form a sequence of 
eventually nested 'ring-like' domains, in the sense that: 

(a) each U n is bounded and multiply connected; 

(b) U n+ i surrounds U n for sufficiently large n; 

(c) dist([/ n , 0) — > oo as n — > oo. 

Such multiply connected Fatou components U n are known to contain large annuli 
centred at 0, as shown by the following result from [H Theorem 1.2] which 
strengthens an earlier result of Zheng |17j . 

Lemma 3.1. Let f be a transcendental entire function with a multiply connected 
Fatou component U. For each zq G U and each open set D C U containing zq, 
there exists a > such that, for sufficiently large nGN, 

U n D f n (D) D AdPizo)] 1 -*, \f n (z )\ 1+a ). 

We use Lemma 13.11 to prove a general result about the existence of sequences 
of absorbing annuli in such multiply connected Fatou components, which in a 
sense strengthens the results in [I]. Recall that 5(r) = l/ylogr. 

Lemma 3.2. Let f be a transcendental entire function with a multiply connected 
Fatou component. Then there exist sequences (r n ) and (k n ), with r n > and 
k n > 1, for n > 0, such that the annuli 

(3.1) A n = A(r n ,r k n n ), n > 0, 
and 

(3.2) A' n = A(r* +67r S r^ 1 - 6 ^), where 5 n = 5{r n ), n>0, 
have the following properties. 

(a) For n > 0, 

(3.3) f{A n ) D A n+1 
and 

(3-4) f(A' n ) C A' n+1 . 

(b) The annuli A' nl n > 0, lie in distinct multiply connected Fatou compo- 
nents U n of f and f(U n ) = U n+1 , forn>0. 

(c) For n > 0, 

(3.5) r n+1 = M(r n ) > , 

(3.6) r k Xi =M(r k n "- 25 ") 1 - 2n5 \ 
and 

(3.7) l + 205 <k < J^i, k n+l > k n {l-96 n ) > l + 205 n+1 and r k n " < r n+l . 

logr 
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Proof. By Lemma 13.11 there exists a multiply connected Fatou component U 
of /, a point z G U and a constant a > such that the Fatou components 
U n = f n (U), n>0, satisfy 

U n D A{\f n {z,)\ l - a , |r(Zo)| 1+ °), fOT U ^ °" 

Therefore, by replacing [/ by £/"„, for a suitably large n and relabeling, we can 
take r > such that 

(3.8) M(r) > r 16 , for r > r . 



feo \ 
J> 



(3.9) f/DA(r ,r ( 
where 

(3.10) 1 + 205 < A; < an d 6 = 5(r ) < 

log r 80 



and also, by property (c) before Lemma [3. 11 

(3.11) \f n (z)\ > 1, for z G A(r ,r k °), n>0. 

Suppose now that for some m > the sequences r , . . . , r m and k , . . . , k m 
have been chosen so that they satisfy (I3.3p . (13.41) . (13.51) . (13.61) and (13. 7p . for 
n = 0, ... ,m — 1. We show that r m+ \ and k m+ \ can be chosen so that these 
properties also hold for n = m. 

By (13.71) . (13.81) and the fact that 6n + 1 < 20, we can apply Theorem 12.41 with 
r = r m and k = k m to deduce that 

(3.12) f(A m )DA(R,R K ), 
where 

(3.13) R = M(r m ) > r^ 6 , R K = m^" 2 ^) 1 ^™ and K > k m (l - 96 m ), 
and 

(3.14) f(A(r l + 6 « 5m , r k - {1 - 6nSm) )) C A (#1+6^)^(1-6^))) 
We now take 

r m+ i = R, 5 m+ i = S(R) and k m+1 = K. 



Then, by (13121) . 

by (J3H, 
and, by lETBjl . 



&m+l ^ ^m(l 95 m ), 



6j y/\ogr j+1 /logAffo) . 

- > 4, for j = 0, . . . , m. 



5 j+ i ^logrj y logr^ 
Therefore, by (I3.10p . 

m 

k m +i > (1 + 205 ) ~ 9 ^') ^ ( X + 205 o)( 1 " 12 5o) > 1 + 55 > 1 + 208 m+1 . 

j=0 
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Finally, the inequality r^™ < M(r m ) = r m+ i holds in the case m = 0, by (I3.10j) . 
and we deduce it in the case m > 1 from (13. 6ft and ( 13. 7\\ with n = m — 1, since 
these imply that 

< M{r k ^) < M{r m ) = r m+1 . 

We have now checked that O, (EOl . <ET51) . (M and (E2J) all hold with n = m, 
and by induction this completes the proofs of parts (a) and (c). 

To prove part (b) , note that (13. ip , (13. 2p , (13. 3p and (13. 9p imply that forn > we 
have A' n C A n C f n (U), and the sets U n = f n {U) form disjoint Fatou components 
by the theorem of Baker [U Theorem 3.1] mentioned before Lemma [3. 11 □ 

We now use Lemma 13.21 to prove the stronger version of Theorem 11.11 that 
holds when / has a multiply connected Fatou component. Here, for a closed 
annulus B = A(r, s), < r < s, we denote by di nn B and d ont B the inner and 
outer boundary components of B, respectively. 

Theorem 3.3. Let f be a transcendental entire function with a multiply con- 
nected Fatou component. Then there exists R = R(f) > 0, a sequence {U n ) of 
distinct multiply connected Fatou components of f such that f{U n ) = U n+ i, for 
n > 0, and a sequence of closed annuli 

B n = A(t n ,t' n ), n>0, 

such that 

d m nB n C U n and d out B n C U n+1 , for n>0, 
so each B n meets J{f), 



(3.15) [tn+iX+i] C [M{t n ),M{t' n )\, forn> 0, 

(3.16) B n C A n (R), forn> 0, 

(3.17) f{B n )DB n+1 , forn>0, 
and there is a subsequence {B n .) such that 

(3.18) f(B n .) D B n , forjeN,0<n< n y 



Also, the sequence (nj) consists of those n > such that A n (R) contains a 
zero of f . 

Proof. Let (r„), (k n ), (A n ), (A' n ) and (U n ) be the sequences given by Lemma [3721 
in particular, 

(3.19) A' n C U n and f{A' n ) C A' n+1 , for n > 0, 
by (J32D. 

Now define the sequence of closed annuli (B n ) as follows: 

B n = A(t n ,t' n ), forn>0, 

where 

(3.20) tn = r k n ^ 1 ' 6 ^ and t' n = r l n + + ^ Sn+ \ forn > 0; 

that is, B n is the annulus lying between A' n and A' n+1 . Since A' n and A' n+1 lie in 
distinct Fatou components, it follows that B n fl J(f) ^ 0, for n > 0. 
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Also, by (13.19p . we have 

(3.21) f(d inn B n ) C A^ and f(d out B n ) C A^~ 2 , for n > 0, 
so 

/(5„) D B n+ i, for n > 0, 

which proves (I3.17p . 

We also have in this case, by (13. 2h and (I3.2ip . that 

(3.22) 4 < M(t n ) < r ^ (1 " 67r5 " +l) = t n+1 , for n > 0, 
and, by fl377jl . fl3T20l) and fl3T2B . that 

(3.23) t 

< r n+l 1 

< M(r n+1 ) = r n+2 < t' n+1 < M(t' n ), for n > 0. 

Together, (I3T221) and (I3T231) prove ( l3~15l) . 

Now (13.221) implies that there exists R = R(f) > such that 

t' < R < t x < t[ < M(R), 

so Bq C Aq(R) and B x C y4x(_R), and we deduce by (I3.15P that 

M n - X {R) < t n < t' n < M n (R), so B n C A n (R), for neN, 

which proves ( 13. 161) . 

To prove the final statement, let 

B' n = A' n UB n UA' n+1 , n>0, 

and let F n denote the component of C \ B' n that contains 0. Then, by (I3.19p . 

df(B' n ) C f{dB' n ) C B' n+l , for n > 0, 

and hence, for each n > 0, we have exactly one of the following possibilities: 

(3-24) f(B' n ) C B' n+1 , 

or 

(3.25) f(B' n ) D F n+1 , so D F n+l . 

If (13.241) holds for all n > N, say, then each B' n , n > N, is contained in the 
Fatou set of /, by Montel's theorem, and this contradicts the fact that each 
B n and hence each B' n meets «/(/). Thus there is a strictly increasing sequence 
rij > such that (I3.25P holds for all n — rij, j G N, which gives (I3.18p . By 
replacing R by M n (R) for some n, we can assume that uq = 0. By (I3.24p and 
(I3.25p . this sequence (rij) consists of those n > such that B n contains a zero 
of /. Hence, by ( 13 . 1 6[) and (I3.19p . this sequence consists of those n > such that 
A n (R) contains a zero of /. □ 
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4. Proof of Theorem ll.lt no multiply connected Fatou 

COMPONENTS 

The proof of Theorem 11.11 in the case of no multiply connected Fatou com- 
ponents is somewhat more complicated and is based on the following lemma. 
Recall again that S(r) = l/\/Togr. 

Lemma 4.1. Let f be a transcendental entire function with no multiply connected 
Fatou components. There exists R% = R^if) > such that for all r Q > R 3 and 
k = 1 + 20<5(r ) there exist finite sequences r n > and k n > 1, n = 0, . . . , N, 
where N > 0, such that the annuli 

A n = A{r n ,r^), n = 0, . . . , N, 

and 

A' n = Air^^r^ 1 - 6 ^), where 5 n = 5(r n ), n = 0, . . . , N, 
have the following properties. 

(a) Forn = 0,...,N -1, 

(4.1) f(A n ) D A n+1 

and 

(4-2) f(A' n ) c A' n+V 

(b) For any S, S', T, T' that satisfy 

(4.3) 2 < S < S', T <T' < M(|r]v + ^) and S' < ±T, 
we have 

f(A N ) contains A(S,S') or A(T, T'). 

(c) Forn = 0,...,N -1, 

(4.4) r n+1 = M(r n ) > r^ 6 , 

(4.5) r k n n +i = M (r* n ~ 2Sn ) 1 ~ 27r6n , 

(4.6) k n+1 > k n {l - 95 n ) > 1 + 55 > 1 + 205 n+1 , 
and 

(4.7) M(r*0 > r k n ir > r n+1 = M(r n ) > (r^") 2 . 
Also, 

(4.8) M(r N ) > (r h N ») 2 . 

Proof. We construct the annuli A n by using Theorem 12.41 in a way that is similar 
to the proof of Lemma 13.21 but rather more complicated. 

We take R% > max{i? 2 , -R2}, where R\ = Ri(f) is the constant in Lemma [2. II 
and i?2 = R-2{f) is the constant in Corollary I2.3[ and also such that 

(4.9) M(r) > r 16 and ^logr > 80, for r > R 3 . 

Given r > R 3 , we define the annulus A = A(r ,rQ°), where k = 1 + 205 
with 5 = 5(r ). Suppose that, for some m > 0, the sequences r ,...,r m and 
k ,...,k m have been chosen so that they satisfy ( 14~T1) . ( I4~2l . ( IQl) . ( 1431) . ( 1431) 
and ( 14. 7ft . for n = 0, . . . , m — 1. 
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We now show that if the condition 

(4.10) m(s) > 1, for all s G (r^ Sm , r k ^ Sm ), 

holds, then r m+ i and k m+ i can be chosen so that these properties also hold with 
n = m. 

By (14. 6p . ( 14. 9 P and (I4.10p . we can apply Theorem 12.41 with r = r m and k = k m 
to deduce that 

(4.11) / (A m ) = f(A(r m , r*r)) D A J**) , 
where 

(4.12) R = M(r m ) > r^ 6 , R K = M(r k n ^~ 25m ) 1 ~ 2n5m and K > k m (l - 95 m ), 
and 

(4.13) f{A{r^ Sm ,r h ™ {l -^ Sm) )) c A (^i+^W^a-^W)) . 
So if we take 

r m+ i = i£, 5 m+1 = S(R) and A; m+ i = K, 

then (gUD , and (T4TT31 imply that the properties (jllj) . (Q]l . and 

(14.51) all hold with n = m. 

To deduce (14. 6p in the case n = m first note that, by (14.91) . 



a ^ 1 ^ ^ V^ogrj+i / log M r, . 

5o < ^ and = v = W — : - > 4, for j = 0, . . . , m. 

80 b j+1 ^logrj y logrj 

Thus, by ( 14. 6 p with n = 0, . . . , m — 1, ( 14. 12ft . and the fact that k m+ \ = K, 

m 

k m +i > h]J(l - 96j) > (1 + 205 )(1 - 12S ) > 1 + 55 > 1 + 205 m+ i, 

3=0 

as required. 

The first two inequalities in (14. 7ft with n = m follow immediately from ( 14. 5 p 
and ( 14.60 . Also, the inequality (r^™) 2 < M(r m ) = r m+1 holds in the case m — 0, 
by (14. 9p . and we can deduce this inequality in the case m > 1 from (14.50 . ( 14. 7p 
with n = m — 1, and Lemma I2TTI part (b) (applied with r = r™Z\ and k = 2) as 
follows: 

(4.14) (r k ^) 2 = (Mir^ 1 ' 26 " 1 - 1 ) 1 - 2 ^- 1 ) 2 < {M{r k ^)f 

< M((r k - 1 1 ) 2 )<M(r m )=r m+1 . 
Hence (jO) . (jO> . (PP . (T4T5|) . (IQjl and gT]) all hold for n = m. 

We now observe that the condition in (14.101) cannot hold for all m > 0. For if 
this were the case, then we could construct a sequence of annuli (Ai)o° satisfying 
flUD, (M, (@3D, (USD and (USD, and property (TC2D would then imply that / 
has multiply connected Fatou components, contrary to our hypothesis. 

Therefore for some N > the condition in (14.101) holds for m — 0, . . . , N — 1, 
and the annuli A(r n , r kn ), n = 0, . . . , N—l, exist satisfying properties (a) and (c), 
including (gJiD by (I4TD . but (HlDD fails for m = N; that is, 

(4.15) there exists s E (r]^ 5N ,r k N N ~ 5N ) such that m(s) < 1. 
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Then 

(4.16) s e (Is, Is) C (§s, Is) C fr^) C (r N , r k N N ), 

since = exp( y/log r N ) > 3. Therefore, since m(s) < 1, we can apply Corol- 
lary [273] with r = |s, to deduce that if S, S',T,T' satisfy 

2 < S < S', T <T' < M(lr]+ SN ) and S' < \T, 

then 

f(A(\s,\s)) contains A(S,S') or A(T,T'), 

so, by (OB)) . 

/(Ajv) contains S") or A(T, T'), 
as required. □ 

We now use Lemma 14.11 to prove Theorem 11.11 in the case when / has no 
multiply connected Fatou components. 

Theorem 4.2. Let f be a transcendental entire function with no multiply con- 
nected Fatou components. There exists R = R(f) > and a sequence of closed 
annuli 

(4.17) B n = A(r n ,r k n "), n>0, 
each of which meets J(f), such that 

(4.18) B n cA n (R), forn>0, 
and 

(4.19) f(B n )DB n+1 , forn>0, 
and there is a subsequence B n . such that, for j 6 N, 

(4.20) f(B n .) D B n , for < n < rij, with at most one exception. 

Proof. Let R^ = R^(f) > be so large that 

(4.21) M(r) > r 10000 and ^logr > 80, for r > R±, 

and also so that R^ > max{Ri, R2, R3}, where R\ is the constant in Lemma \2.1\ 
i?2 is the constant in Corollary 12. 3[ and R3 is the constant in Lemma 14.11 

In the proof we construct annuli B n of the form given in (14.171) which satisfy 
the conclusions of the theorem and also satisfy 

(4.22) M(r k n ") > r^ 1 > r n+1 > M(r n ) > (r k n ") 2 , for n > 0, 
a sequence of estimates that is closely related to (14.71) . 

Take ro > R4. Then, by Lemma [4.11 there exists iV(l) > and annuli 
A n = A(r n ,r k "), n = 0, . . . , N(l), 
with the properties given in that lemma. 
Putting 

(4.23) B n = A n , forn = 0,...,JV(l), 
we deduce, by ( 14. ip . that 

f(B n )DB n+1 , forn = 0,...,iV(l)-l, 
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and, by fj4"77]) . that 

(4.24) M(rJ») > r k n Xi > r n+1 = M(r n ) > (r£") 2 , for n = 0, . . . , N(l) - 1. 
Also, by Lemma [4.11 part (b), for any S, S',T,T' that satisfy 

(4.25) 2 < S < S', T <T' < M(|r^ (1) ) and S' < \T, 
we have 

(4.26) f(B N (i)) contains A(S,S') or ~A(T 1 T'). 

We apply the covering property (14.261) in two situations. First we take S, S', 
T, T' as follows: 

(4.27) S = M(r N{l) ) and S' = S 1+205{s \ 
and 

(4.28) T = S 1+m ^ and T = T 1+20S( - T l 
This choice is possible since, by (I4.2ip . 

L = S 20S ^ = exp (20v^s) >2, 

and, by Lemma [2TTI part (b), (I4.27p . (I4.28[) and the fact that yTog r N ^ > 5 log 3, 

(4.29) M(fr^) = M (r^^«- los3/log ^«) > M(r^ (1) ) 

> M(r N{1) ) 1+ t 5N ^ = S 1+ 5 Sn W 

> g(l+40<5(.S))(l+20<5(T)) _ rpi 

since f l4T2lD implies that 5{S) < <5at(i)/100 < 1/80. 

Thus (I4.26P holds for these choices of S,S',T,T'. Hence we can define the 
pair (rjv(i)+i, <5jv(i)+i) to be either (S,5(S)) or (T, <5(T)), and then define 

&/V(l)+l = 1 + 205tv(i) + i, 

and 

Bn(i)+i = ^( r Af(i)+i7 r j V J (l) ) +i)> 
to ensure that (I4.19P holds for n = N(l). Then (I4.22p also holds for this value 
of n; that is, 

M(r k N ^) > > r N{1)+1 > M(r m ) > (r*$>) a . 

Indeed, by the definition of rjv(i)+i, the definition of S and 04.81) . 

(4.30) r m+1 >S = M(r m ) > (r^') 2 , 
and, by Lemma [2. II part (b) and the definition of fc/vm+i, 

M(r^« 1 ») > M(r* (1) )**« 

> g(l+40<S(S))(l+20<S(S)) > rpl+206 NW+1 

- > r fejv(1)+1 

~ 1 — 'jV(l)+l> 



since 



6 N{ i )+ i = 6{r m+1 ) < 5(S) < ^(d/IOO < 1/80. 
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We also apply the covering property (14.261) when 

A(S,S') = A(r p ,r k /) and A(T,T') = A(r q ,r k «), 
where < p < q < N(l), which is possible since 

r k " < r^, so r n+1 > 2r kn , for n = 0, . . . , N(l) - 1, 
by (14241) . and 

'iV(l) - m \3' N{1) )■> 

by f|4.30p . for example. It follows that 

/(-Bat(i)) D B n , for n = 0, . . . , ./V(l), with at most one exception. 

Now, since 

B N (i)+i = A(r N (i) +1 , r„^l), where k N{1)+1 = 1 + 205iv ( i )+ i, 

we can apply Lemma 14.11 with r replaced by rjym+i to give N(2) G N with 
N(2) > N(l) and closed annuli B n , n = N(l) + 1, . . . , N(2), which satisfy fl422|) 
and fT4TT9l) for n = N(l) + 1, . . . , JV(2) and also 

f(B N ( 2 )) ^ B n , for n = 0, . . . , N(2), with at most one exception. 

Repeating this application of Lemma 14. II infinitely often, and introducing the 
subsequence rij = N(j), j E N, we obtain a sequence (B n ) that satisfies (14. 1 9ft . 
(I4.20p and (14.221) . Also, since / has no multiply connected Fatou components, 
all the components of J(f) are unbounded (see, for example, [TQl Theorem 1]) 
and so the closed annuli B n must all meet J(f) by (I4.19p . 

Finally, fl4~2~2]) implies that there exists R = R(f) > such that fl4~T8]) holds. 
Indeed, by (14 . 2 2 [) we can choose R > such that 

ro° <R<r x < r kl < M{R), 

so B C A (R) and B 1 C A%(R), and, by f |422l) again, 

M n ~ 1 (R) <r n < r kn < M n (R), so B n C A n (R), for nGN, 

which proves (I4.18p . □ 

5. Proof of Theorem 11.21 

We deduce Theorem 11.21 from Theorem II .11 by using the following simple topo- 
logical lemma, proved in [131 Lemma 1]. 

Lemma 5.1. Let E n , nGN, be a sequence of compact sets in C and f : C — > C 

be a continuous function such that 

(5.1) f{E n )DE n+1 , forn>0. 

Then there exists ( such that / n (C) G E n , for n > 0. 

// / is also meromorphic and E n n J(/) 7^ 0, /or n > 0, then there exists 
C G /(/) s«c/j t/iat f n {() G /or n > 0. 
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Proof of Theorem ! 1.2i By Theorem 11.11 there exists R = R(f) > and a se- 
quence of closed annuli 

B n = A(r n ,r' n ), n>0, 
each of which meets J(f), such that 

(5.2) B n C A n (R), for n > 0, 

(5.3) f{B n )DB n+1 , forn>0, 
and there is a subsequence B n . such that, for j G N, 

(5.4) f(B n .) D B n , for < n < rij, with at most one exception. 



To prove Theorem 11.21 we take this value of R, this sequence (rij) of non- 
negative integers and, for j G N, let Ij be either the empty set or the singleton set 
consisting of the possible exceptional integer in {0, . . . , rij} that occurs in (15.41) . 

If s Si ... is any sequence of non-negative integers satisfying the hypotheses 
of Theorem ll.2[ then it follows from (I5.3P and (15.41) that the compact sets 



E n = B Sn C A Sn {R), forn>0, 

satisfy (I5.ip . Then, by Lemma [5.11 there exists a point ( G J{f) with itinerary 
SqSi .... This proves the first part of Theorem 11.21 and the last part follows 
immediately from the last part of Theorem 11.11 □ 



We now deduce Corollary 11.31 



Proof of Corollary \ 1.31 Parts (a), (b) and (c) follow easily from Theorem II. 2 \ by 
using appropriate sequences so^i . . . chosen to satisfy property (II. 5p and s n > s 
for n > 0. The uncountable number of itineraries in parts (b) and (c) follows 
from the fact that if j is such that s nj > s + 2, then there are at least two possible 
choices for s nj+ i from the set {s, s + 1, s + 2}. 

Part (d) is proved as follows. Let (a n ) be any positive sequence such that 
a n — > oo as n — )• oo. Without loss of generality we can assume that (a n ) is 
increasing. Then we use the fact that 

(5.5) f 2 (B n] )DB n] , forj'GN, 

which follows from (I5.3p and ( 15 .4p . to choose a sequence s Si . . . that has property 
(II. 5p and is such that, for j G N, 

(5.6) Nj = max{n : s n = rij} satisfies a Nj > M n]+1 (R). 

The point ( with itinerary sqSi . . . has an orbit that visits each annulus B n . so 
often that 

\f n (()\<M s "(R)<a n , fornix. 

Once again we can obtain uncountably many such itineraries by using the fact, 
which follows from (I5.5p . that for each j G N there are infinitely many ways of 
choosing the integer Nj to satisfy ( 15. 6p . □ 
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6. Proof of Theorem 11.41 

We prove two versions of Theorem 11.41 in the first of which it is assumed that / 
has a multiply connected Fatou component. 

Theorem 6.1. Let f be a transcendental entire function with a multiply con- 
nected Fatou component. Then there exists Rq = Ro(f) > with the property 
that whenever (a n ) is a positive sequence such that 

(6.1) a n > R and a n+ i < M(a n ), for n > 0, 

there is a point ( G J{f) one? a sequence (rij) with nj — > oo as j — > oo such that 

(6.2) |r(C)| > a n , forn> 0, and |f^(C)| < M 2 (a nj ), for j G N. 

//, in addition, 

(6.3) for each £ G N there exists n(£) G N such that a n ^ +i < M n{ - l) (R ), 

then there are uncountably many itineraries with respect to {A n (R )} that corre- 
spond to points ( satisfying (16.21) . 

Remarks 1. It is natural to ask if the expression M 2 (a nj ) in (16.21) can be 
replaced by M(a nj ). 

2. Note that the hypothesis (16. 3p is independent of Ro for sufficiently large Rq. 

Proof of Theorem\6Ji Let R = R(f) > and B n = A(t n ,t' n ), n > 0, be the 
constant and the sequence of closed annuli that were obtained in Theorem 13.31 
These annuli all meet J{f) and have the following properties: 



(6.4) [Wi,dl C [M{t n ),M{t' n )\, for n > 0, 

(6.5) B n C A n (R), for n > 0, 

(6.6) f(B n )oB n+u forn>0, 
and (B n ) has a subsequence, here called (B^), such that 

(6.7) f(B N .) D B n , for j G N, < n < N r 

Let Rq = R and suppose that (a n ) is any sequence that satisfies (16. ip . We 



shall apply Lemma [57TI to a sequence of closed annuli (E n ), all of which are chosen 
from the sequence (B n ) and satisfy 

E n C {z : \z\ > a n }, for n > 0. 

First define 

Eq = B p , where p is the least integer such that t p > a . 

Then, for each n > 0, we choose E n+1 depending on E n by applying the following 
rule. 

Suppose that E n = B m and t m > a n \ 

(1) if m = Nj for some j G N, then 

(6.8) E n+ i = B p , where p is the least integer such that t v > a n+ i; 

(2) otherwise E n+1 = B rn+1 . 



ANNULAR ITINERARIES FOR ENTIRE FUNCTIONS 



19 



Since (16. 4 ft and (16. ip guarantee that 

t m+ i > M(t m ) > M(a n ) > a n+1 , 

we have p < m + 1 in case (1) and, in either case, 

E n+1 C {z : \z\ > a n+ i}. 

Also, in case (1) the definition of p in (16. 8p gives a„ +1 > t p _i (note that p > 1 
because a n+ i > R > t by (16.51) ). Hence, by (16. 5 j) and (16.41) again, 

M 2 (a„ +1 ) > m 2 (vo > M(t;_ x ) > t;, 

so, in this case, 

£„+i = fi p C {z : \z\ < M 2 (a n+1 )}. 
With this choice of the annuli E n it follows from (16.61) and (16. 7p that 

f{E n ) D E n+1 , for n > 0, 

that 

-En n J(f) ^ and C {z : |z| > a n }, for n > 0, 
and that (E n ) has a subsequence, (E n .) say, satisfying 

C {z : \z\ < M 2 (a nj )}. 
Therefore any ( given by Lemma 15.11 with the property that 

f n (()eE n nJ(f), forn>o, 

satisfies (16. 2p with this subsequence nj. 

Finally suppose that (16. 3p holds. Then, for all £ G N, we deduce, by (16.11) . 
that 

(6.9) a n+e < M n (R ), for n > n(£). 

We can obtain other points ( that satisfy (16.21) with different subsequences (rij) 
and different itineraries by using the same construction as that given above but 
choosing E n+1 in case (1) as follows: whenever E n = B m , m = Nj and the 
value of p specified by (16.81) satisfies p < m we choose either the value of p that 
is specified by (I6.8P or p = m + 1. The conditions (16. 2p and (I6.9P imply that 
the value of p specified by (16.81) satisfies p < m infinitely often (for otherwise 
E n = B n+q for some q G Z and all sufficiently large n). If we vary the construction 
in this way and consider all possible ways of choosing E n+ i in case (1) that 
correspond to a point ( satisfying (16 .2p . then the itineraries with respect to 
{A n (R )} that arise form the branches of an infinite binary tree and so are 
uncountable. This completes the proof of Theorem 16.11 □ 

In our second version of Theorem 11.41 it is assumed that / has no multiply 
connected Fatou components. Here a very similar technique to that used in 
the proof of Theorem 16.11 could be used to deduce the result from the annuli 
B n obtained in Theorem 14.21 but using this approach the estimate for f nj (C) 
would be only |/ ni (C)| < M 3 (a nj ) because of the possible exceptional annulus 
not covered by f(B n .) in Theorem 14.21 However, we can obtain a much stronger 
result by using Lemma 14.11 directly. 

In this proof we once again use the notation 5(r) = l/^logr. 
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Theorem 6.2. Let f be a transcendental entire function with no multiply con- 
nected Fatou components and let e G (0, 1). Then there exists Ro = Ro(f,e) > 
with the property that whenever (a n ) is a positive sequence such that 

(6.10) a n > R Q and a n+ \ < M(a n ), for n > 0, 

there exists a point ( G J(f) and a sequence (jij) with rij — > oo as j — > oo such 
that 

(6.11) |r(C)| > a n , forn> 0, and |/^(C)I < < e , for j G N. 
//, in addition, 

(6.12) for each leN there exists n(£) G N such that a n ^t < M n( - £) (R ), 

then there are uncountably many itineraries with respect to {A n (R )} that corre- 
spond to points ( satisfying (16. lip . 

Proof. First we choose Ro = Ro{f, s) so large that Rq > max{i?i, R 2 , R3}, where 
Ri = R\{f) is the constant in Lemma [2.11 R 2 = R 2 {f) is the constant in Corol- 
lary [23] and -R3 = Rs{f) is the constant in Lemma [4.11 and also so that 

(6.13) M(r) > r 10000 and ^logr > 100/e, for r > Rq. 

Suppose that (a n ) is any sequence satisfying (16.101) . As in the proof of Theo- 
rem EJ], the idea is to choose a suitable sequence of closed annuli E n , related to 
the sequence (a n ), and then apply Lemma [5TTT 

First define r = ai. By Lemma [4. 11 there exists N(l) G N and annuli 

A n = A(r n ,r k n "), n = 0, . . . , JV(1), 

with the properties given in that lemma. In particular, 

r n+1 = M(r n ), forn = 0,...,JV(l)-l, 

so, by flBTTOl) . 

(6.14) r„>a„, for n = 0, . . . , iV(l). 
Also, with 

(6.15) E n = A n , forn = 0,...,JV(l), 
we have 

(6.16) f{E n )DE n+1 , forn = 0,...,iV(l)-l, 
and, for any S, S', T, T' that satisfy 

(6.17) 2 < S < S', T <T' < M(|r^ (1) ) and S' < \T, 
we have 

(6.18) f(E N{1) ) contains A(S,S') or A(T,T'). 
We now apply the covering property (16.181) with 

(6.19) 5 = 0^(1)+! and S' = S 1+205{s \ 
and 

(6.20) T = S 1+m ^ and T' = T 1+205 ^ . 
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To see that this choice of S, S',T,T' is possible first note that, by (16.1 Oft . (16. 13ft 
and dSHSD, 

I_ = S 20S { s) = exp ( 2 (ty^g5) >2. 
Then, by using (16 . 1 9[) and (I6.20p . together with the fact that 

S = ajv(i) + i < M(a N{1) ) < M(r N{1) ), 
which follows from (16.101) and (16.141) . we deduce that 

rpl _ c(l+40<5(S))(l+20a(T)) 

< g(l+40<5(S)) (1+205(5)) 

< M{r N{l) ) ( 1 + 4 0«5(Af(r iv(1) )) (l+205(M(r JV(1) )) _ 

The final inequality here holds because the function 

t ^ £ (i+40/VI5P)(i+20/VBP) ig increasing on [1, x ). 

Since 5(M(r N{1) ) < 5 N{1) /100 < 1/80, by ( IBTTgj) . we deduce that 
(1 + m(M(r N{1) )) (1 + 205(M(r JV(1) )) < 1 + p m , 

so 

r < M(r N{l) ) 1+ 5 s "M. 

As in the proof of ( 14.291) . it now follows, by Lemma 12.11 part (b) and the fact 
that y/log t"at(i) > 5 log 3, that 

T< < M(r N{1) ) 1+ l 5 ^ < M(r^ (1) ) < M(|r^ (1) ). 
Thus (16.171) holds with this choice of S, S',T,T', so (I6.18P does also. Moreover, 

(6.21) a N{l)+1 — S <T' — c 7 (i+405(5) ) (i + 205(T )) < 

by (M), dSUOD and (J6T3]). 

Hence if we define the pair (rjv(i)+i, <Wi)+i) to be either (S, S(S)) or (T, S(T)), 
and put 

(6.22) E N (i)+i = A{r N (i )+u r k ^ll), 
where 

k N (i)+i = 1 + 205jv(i)+i = 1 + 20S(r N{1)+1 ), 

then, by (l6TT8|) . 

(6.23) /(^JV(i)) ^ E m+1 , 
and, by (J62U), 

(6.24) E N{1)+1 C A(a 7V (i)+i,ay ( i )+1 ). 

Now, since £W(i)+i has the form in (16.221) . we can apply Lemma 14.11 with r$ 
replaced by rN(i)+i to give N(2) G N with N{2) > N(l) and closed annuli 

E n = A(r n ,r k n "), n = JV(1) + 1, . . . , N(2), 

which satisfy 

r n >a n} for n = iV(l) + l,...,iV(2), 
/(£„) D £ n+1 , for n = N(l) + 1, . . . , iV(2) - 1, 
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where 
and 



f(E N{2) ) D A( y r N{2 ) +1 ,r^ { ^l) = E N{2 )+i, say, 
k N (2)+i = 1 + 205^(2)+! = 1 + 205(rjv( 2 )+i) 



En(2)+1 C A(dN(2)+l, 0^2)+ 



Repeating this application of Lemma I4~T1 infinitely often, we obtain closed annuli 

E n = A(r n ,r* n ), n > 0, 

such that 

(6.25) r„ > a n , for n > 0, 

(6.26) /(K) ^ K+i, n > 0, 

and a strictly increasing sequence of positive integers N(j), j G N, such that 

(6.27) E N(j)+1 C A(a m+1 , oj^g )+1 ), for j G N. 

Since / has no multiply connected Fatou components, all the components of J(f) 
are unbounded, as noted earlier, so the closed annuli E n must all meet J(f) by 
( 16. 26 ft and the fact that J(f) is completely invariant under /. 

By ( I6.26P and Lemma I5.1[ there exists ( with the property that 

P(0£E n nJ(f), forn>0. 
By (E25D and f[6T2?j) . this C satisfies f lBTTTj) with rij = JV(j) + 1, j G N. 

To prove the final part of Theorem 16.21 we argue in a similar way to the proof 
of the final part of Theorem 16.11 As in that proof, we deduce from f )6.12p that 
for all £eN, 

(6.28) a n+l < M n (R ), for n > n(£). 

Next note that the covering property ( 16 . 18[) can be used to show that, for any 
jeN, 

(6.29) f(E m )DA(R',(R'f), 
where R' and k' satisfy 

(6.30) R! > M(r N(j) ) and k' = 1 + 20S(R'). 

The argument required here is similar to that used in the proof of Theorem 14.21 
to show that f(B^^) contains an annulus with these properties, and we omit 
the details. 

Therefore in the above proof, for any j G N, instead of defining the annulus 
En(j)+i by choosing the pair (rjv(j)+i, ^jv(i)+i) to be either (S, 6(S)) or (T, S(T)), 
where the values of S and T are as given in (16.191) and (16.201) (with the suffix 
N(l) + 1 replaced by N(j) + 1), we can alternatively define 

(6-31) E N{j)+1 = A(r N(j)+1 , r k N N ^+l), 

where 

(6.32) r N (j) +1 = R' > M(r N (j)) and fcjvy)+i = k' = 1 + 20S(r N (j) +1 ). 
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Then, by ( 16. 29ft and (16.301) . we have f(E^^) D E^^+i, and we can then con- 
tinue the construction as before to obtain the itinerary of a point ( that satisfies 

In view of ( I6.28p . as well as ( I6.3ip . (I6.32p and ( I6.10p . there must be infinitely 
many values of j for which these two possible choices of E n q) + i lie in different 
elements of the partition {A n (Ro)}. If we now consider all possible ways of choos- 
ing £jv(j)+i that correspond to a point ( satisfying (16. lip , then the itineraries 
with respect to (A n (Ro)) that arise form the branches of an infinite binary tree 
and so are uncountable. This completes the proof of Theorem 16.21 □ 
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